In most vertebrate neurons, action potentials are triggered at the distal end of the axon initial segment 9 (AIS). Both position and length of the AIS vary across and within neuron types, with activity, 10 development and pathology. What is the impact of AIS geometry on excitability? Direct empirical 11 assessment has proven difficult because of the many potential confounding factors. Here we carried a 12
Introduction 20
In most vertebrate neurons, spikes initiate in the axon initial segment (AIS), a small structure next to 21 the soma (Bender and Trussell, 2012) . Recent studies have shown that both the position and length of 22 the AIS vary both across (Höfflin et al., 2017) 2012; Kuba et al., 2010) , and in neurological pathologies (Buffington and Rasband, 2011 ) such as 26 strokes (Hinman et al., 2013) and Alzheimer's disease (Marin et al., 2016) . What is the impact of 27 variations of AIS geometry on excitability? 28
Variations of AIS geometry co-occur with changes in excitability, but also with many confounding 29 factors (Kole and Brette, 2018) , such as changes in input resistance (Grubb and Burrone, 2010; Hatch 30 et al., 2017; Lezmy et al., 2017; Wefelmeyer et al., 2015) , phosphorylation of Nav channels (Evans et 31 al., 2015) , redistribution of Kv channels (Kuba et al., 2015) , or changes in cell capacitance (Kuba et al., 32 2014) . In some studies, distal displacement of the AIS is associated with decreased excitability (Grubb 33 and Burrone, 2010; Hatch et al., 2017; Lezmy et al., 2017; Wefelmeyer et al., 2015) . In others, neurons 34 with more distal AIS have an identical (Thome et al., 2014) or slightly hyperpolarized threshold 35 (Hamada et al., 2016) . Thus, it is challenging to experimentally isolate the specific contribution of AIS 36 geometry to excitability changes. 37
Modeling studies have also produced mixed results. Theoretical work proposed that increased 38 electrical isolation of the AIS from the large soma should result in increased excitability (Baranauskas 39 et al., 2013; Brette, 2013; Telenczuk et al., 2017) . However, several numerical studies have reported 40 decreased excitability when the AIS is moved distally, depending on cell morphology (Gulledge and 41 Bravo, 2016) or on the expression of Kv channels in the AIS (Lezmy et al., 2017) . These findings 42
indicate that the relation between AIS position and excitability is highly nonlinear, since even the 43 direction of change depends on model parameters. 44 Finally, differences in excitability have been reported using various measures: rheobase, current 45 density threshold or voltage threshold at the soma. It has also been argued that a more relevant 46 quantity is the axonal threshold, since spikes initiate in the AIS (Yu et al., 2008) . Thus, it is unclear how 47 excitability should be characterized in order to capture the contribution of AIS geometry. 48
Here we develop a principled theoretical analysis to address these issues and disentangle the different 49 factors relating AIS geometry and excitability. In the first part, we examine the relation between cell 50 geometry and passive properties of the soma-AIS system. When the axon is small compared to the 51 somatodendritic compartment, an axonal current produces a larger local depolarization when it is 52 applied further from the soma, while the converse holds when the axon is large. We show with 53 neuroanatomical and electrophysiological data that the physiological situation is the former one. In 54 the second part, we show that excitability changes caused by changes in the AIS are captured by the 55 somatic voltage threshold (and not, perhaps counter-intuitively, by the AIS threshold). In the third 56 part, we theoretically analyze the excitability of a spatially extended AIS with sodium channels, and in 57 the fourth part we consider the impact of non-sodium channels of the AIS. From this analysis, we derive 58 a parsimonious formula for threshold variations: 59 soma * ~− log -. − log − log − 2 . 60 where k is the activation slope of the Nav channels, 5 6 is the middle position of the AIS, L is the AIS 61 length, g is Nav conductance density in the AIS, 2 is the axial resistance per unit length, and I is a non-62 sodium current entering the AIS at position x (for example through Kv7 channels) ( Fig. 1) . Thus, when 63 the AIS is moved away from the soma, the cell becomes slightly more excitable, unless a strong 64 hyperpolarizing current is present at the AIS. The relation with experimental observations is examined 65 in the Discussion. 66 67 Figure 1. Geometric factors contributing to excitability. The AIS has length L and its center is placed at distance 68 5 6 from the soma. A current I is injected at distance x (in this case the AIS end), for example through Kv 69 channels. 70 71
Results

72
Passive properties 73 At spike initiation, a Na + current first enters the AIS, producing a local depolarization. How does this 74 depolarization vary with the position of the injection site? As several studies have pointed out, the 75 answer depends on the relative sizes of the soma (or somatodendritic compartment) and axon (Brette, 76 2013; Eyal et al., 2014; Michalikova et al., 2017; Telenczuk et al., 2017) . In the following, we consider 77 a current passing through the membrane of a passive cylindrical axon attached to the cell body, and 78
we analyse two opposite cases: a very small soma, and a very large soma. We then show that at the 79 time scale of spike initiation, the latter case approximates the physiological situation. 80 81 Small soma, or sealed end condition 82
We start with the theoretical case of a soma and axon of the same size. In cable theory, this is called 83 the "sealed end condition": one end of the axon is sealed and no current passes through it (Tuckwell, 84 1988). A current is injected at a distance x from the soma, in an axon of space constant , typically 85 about 500 µm in cortical pyramidal cells (Kole et al., 2007) . The ratio between local depolarization and 86 current is by definition the input resistance R. How does the input resistance vary with x? Part of the 87 current flows towards the soma (proximal side), and the rest flows towards the distal axon. Thus, the 88 input resistance decomposes into ( ) ;-= proximal ;-( ) + distal ;-, (for a long axon only the proximal 89 resistance varies with x). The proximal segment is highly resistive because its end is sealed. 90 Specifically, if x is small ( ≪ ), which is the physiological situation when a current is injected at the 91 distance of the AIS, we have proximal ( )/ distal ≈ / , a large number (see Methods). This means that 92 the current flows mostly towards the distal axon (as seen in the uniform voltage response between 93 soma and injection site, Fig. 2A ). In addition, the input resistance is approximately the distal resistance, 94
and therefore the position of the injection site has little effect on the electrical response. More 95 precisely, we can calculate that ( ) ≈ 2 ( − ), where 2 is axial resistance per unit length (Fig. 2B) . 96 Thus, moving the AIS away from the soma should make the cell slightly less excitable. This is consistent 97 with the findings of Gulledge and Bravo (2016) , who observed numerically that when the 98 somatodendritic compartment is small, the neuron is most excitable when the AIS is next to the soma. 99 response along the axon for a current injected at 20 µm (black) and at 100 µm (red). B, Input resistance as a 102 function of distance, as numerically measured (solid) and according to the simplified theoretical formula 103 ( ( ) ≈ 2 ( − ), dashed). C, Same as A for a large soma (100 µm). D, Same as B for a large soma, with the 104 simplified theoretical prediction for the killed end condition ( ( ) ≈ 2 , dashed red) and the full theoretical 105 prediction for a finite soma ( ;-= ( 2 + soma ) ;-+ ( 2 ) ;-, dashed black). 106 107 Large soma, or killed end condition 108
Suppose now that the somatodendritic compartment is so large that the axial current has negligible 109 effect on its potential. This is the "killed end" condition (as if the membrane were open) (see Methods). 110
In this case, when ≪ , proximal ( ) ≈ 2 , which means that only the axial resistive component is 111 significant. We then have proximal ( )/ distal ≈ / , a small number (the exact inverse of the sealed end 112 condition). Thus, current flows primarily towards the soma and ( ) ≈ proximal . We express this fact 113 by stating that the soma is a current sink. This is illustrated on Fig. 2C with a thin axon (diameter 1 µm) 114
attached to a large soma (100 µm). The current I flowing towards the soma produces a linear 115 depolarization between the soma and the injection site, with a total voltage difference Δ = 2 . . It 116 follows that the input resistance increases with the distance of the injection site, which would tend to 117 make the cell more excitable when the AIS is moved away from the soma, since less Na + current is then 118 required to produce the same depolarization. 119
This simplified formula ( ( ) = 2 ) differs from the actual input resistance in two ways, as illustrated 120
in Fig. 2D . First, some current flows towards the distal side, which becomes substantial at long 121 distances from the soma. Second, with a finitely large soma instead of a killed end, the current also 122 charges the soma, which makes the input resistance increase approximately by the somatic membrane 123 resistance soma . However, this difference holds for the stationary response. On a short time scale, the 124 somatic depolarization is negligible because the soma charges much more slowly than the axon. This 125 is illustrated in Fig. 3A , where a current pulse is injected at the axon and measured at the injection site 126
(red) and at the soma (black). The difference between the two responses, which is the voltage gradient 127 between the soma and the injection site, essentially follows Ohm's law: Δ = 2 (Fig. 3B) , where 128 2 = 2 is the axial resistance of the axon between soma and injection site (thus, proximal ≈ 2 + H ). 129
Since on a short time scale the soma is not substantially depolarized, the local depolarization mainly 130 reflects the ohmic voltage gradient across the proximal axon. In Fig. 3C , we show the input resistance 131 at time t = 300 µs, ( axon ( = 300 µ ) − P )/ , as a function of distance x (red): it is essentially the same 132 as Δ ( = 300 µ )/ , because the somatic response ( soma ( = 300 µ ) − P )/ is negligible (black). 133
134
Figure 3. Time scale of responses to axonal current injection in a model with large soma (A-C) and in layer 5 135
pyramidal neurons (D-F). A, D, Voltage response at the axonal injection site 75 µm away from the soma (red) 136
and at the soma (black). B, E, Difference between the two responses. C, F, Input resistance measured 300 µs 137
after the start of current injection as a function of the distance of the injection site (red), compared to the 138 resistance obtained from the somatic voltage response at the same time (black). 139
To summarize, the case with a large soma is characterized by two key properties: 1) a current injected 140 at the axon produces a resistive voltage gradient between the soma and injection site, proportional to 141 the axial resistance Ra of that piece of axon; 2) the axonal site charges much faster than the soma. We 142 call this regime the resistive coupling regime (Brette, 2013 
Cortical cells 146
Which regime applies to neurons? Clearly, the soma of neurons is smaller than in the simulations 147 shown in Fig. 3A -C, but the axonal current must also charge the capacitance of the proximal dendrites 148 (thus we call the compartment connected to the axon the somatodendritic compartment). We start by 149 examining experimental recordings from layer 5 cortical pyramidal neurons, where a current pulse is 150 injected in the axon and simultaneously recorded at the soma (Hu and Bean, 2018 )). 158 Figure 3D shows the response to a current pulse injected at 75 µm away from the soma, in the soma 159 and at the axonal injection site. As in the theoretical case described above, a voltage gradient develops 160 very quickly between the soma and injection site ( Fig. 3E ). Note that the resting potential is different 161 at the two sites; we will come back to this issue in a later section. As noted by Hu and Bean (2018) , the 162 axonal input resistance increases with distance of the injection site. When measured 300 µs after the 163 start of the pulse, the axonal input resistance increases steeply with distance, while the soma barely 164 responds ( Fig. 3F) . Therefore, the passive properties of these neurons follow the resistive coupling 165 regime, rather than the small soma regime (compare with Fig. 2B We now examine the relation between soma and axon diameter empirically. Figure 4 shows minimum 181 AIS diameter (generally measured at the distal end of the AIS) vs. soma diameter measured with 182 electron microscopy in several cell types, plotted in logarithmic scale. We have excluded optical 183 microscopy measurements because small AIS diameters approach the diffraction limit. The figure  184 includes three sets of measurements on individual neurons: human spinal motoneurons (Sasaki and 185 Maruyama, 1992), cat spinal motoneurons (Conradi and Ronnevi, 1977) and pyramidal and stellate 186 cortical cells of primates (Sloper and Powell, 1979 ) (dots). It also includes average AIS and soma 187 diameters of four other cell types: cat olivary cells Zeeuw et al., 1990) ; rat CA3 188 pyramidal cells (Buckmaster, 2012; Kosaka, 1980) ; rat Purkinje cells (Somogyu and Hámori, 1976; 189 Takacs and Hamori, 1990); mouse cerebellum granule cells (Delvendahl et al., 2015; Palay and Chan-190 Palay, 2012; Wyatt et al., 2005). 191 The data show that smaller neurons also tend to have a smaller AIS. The correlation between AIS and 192 soma diameter appears both within and across cell types (the best power law fit across all merged data 193 has exponent 1.14 ± 0.05, bootstrap standard deviation, but the exact number is not very meaningful 194
because the regression is done on groups of different sizes). 195
To interpret this relation, we now ask what relation between soma and axon diameter preserves 196 electrical properties. We use the dimensional analysis that Rushton (1951) -this is of course approximate since it does not take into account the scaling of dendrites. 207
In summary, small neurons also have a thin AIS, such that electrical properties are preserved. This 208
indicates that the passive properties of the soma-AIS system should generically follow the resistive 209 coupling regime. We will now show that in this regime, the appropriate measure of excitability for 210 studying the effect of AIS structural plasticity is the somatic voltage threshold. 211 212
Measuring excitability 213
A simple biophysical model of spike initiation 214
We first present a minimal biophysical model of spike initiation that will be compared with theoretical 215 predictions. We aimed for a simple model with as few parameters as possible (see Methods for details). 216
The morphology consists of a spherical soma, a large cylindrical dendrite and a thin cylindrical axon 217 ( Fig. 5, top) . The AIS is a section of the proximal axon with a high uniform density of inactivating 218 sodium and non-inactivating potassium channels. The rest of the neuron contains a lower density of 219 both channels. On this figure, the AIS is L = 30 µm long and is positioned at a distance Δ = 5 µm from 220 the soma. 221
For channels, we chose simple Hodgkin-Huxley-type models where the dynamics of gating variables is 222 fully parameterized by just three parameters: half-activation (or inactivation) voltage V1/2, slope k and an action potential. C, Action potential observed at the end of the AIS (red) and at the soma (black). D, The 234 same action potential shown in a phase plot. E, Absolute value of Na + and K + currents at the AIS during a spike. 235 F, Same as E, at the soma. 236
237
We modeled the Kv channel in the same way, but we used 8 gates (n 8 ) as in (Hallermann et al., 2012) . 238 This was important so that the Kv channel activates with a delay. The parameters were fit to the 239 activation curve obtained from axonal patch-clamp recordings (Kole et al., 2007) . The dynamics of the 240 gating variables during a spike are shown at the distal end of the AIS in Fig. 5B . 241
Our goal was to reproduce the essential phenomenology of action potentials recorded in cortical 242 neurons. First, a high amplitude action potential initiates first in the AIS where it rises quickly 243 (dV/dt>1,000 V/s), then appears in the soma with a distinct kink and a biphasic phase plot ( Fig. 5C All these quantities are related to each other. However, an issue with both rheobase and current 255 density threshold is that they vary not only with changes in the AIS but also with the neuron's input 256 resistance. For example, Grubb and Burrone (2010) reported an increase of about 50% in threshold 257 current density after long-term depolarization associated with a distal displacement of the AIS. To 258
infer the specific effect of changes in the AIS, they had to discount the estimated effect of an observed 259 reduction of input resistance (about 1/3). This issue is illustrated in Figure 6A and B: the rheobase 260 varies when the total Nav conductance G is varied at the AIS, but also when the somatic leak 261 conductance gL is varied. Thus, changes in rheobase reflect excitability changes due to factors in the 262 AIS and elsewhere. 263 264
Figure 6. Measuring excitability in the biophysical model. A, Rheobase and somatic voltage threshold as a 265
function of total Nav conductance in the AIS G (green; dS = 30 µm). The resting potential also changes slightly 266
(
dashed). B, Rheobase and somatic voltage threshold as a function of leak conductance density (G = 350 nS). C, 267
Voltage threshold at the soma (solid green) and AIS (dashed green) as a function of a current injected at the 268 AIS end. The rheobase is shown in blue. 269
In the resistive coupling regime, the somatic voltage threshold is a measure of excitability that depends 270 only on axonal factors. It is defined as the maximum somatic membrane potential that can be reached 271 without triggering a spike (Brette, 2013) . This is illustrated in Figure 6A and B: the voltage threshold 272 varies with G in the same way as the rheobase (more precisely, threshold − P is proportional to the 273 rheobase), but it does not vary with gL. The reason is the separation of time scales between somatic 274 and axonal dynamics, due to the size difference: when the Na + current enters the AIS, it depolarizes the 275 AIS very rapidly, while at the time scale of spike initiation the soma does not get charged significantly. 276 This is shown in Fig. 3C and F, which compare the somatic and axonal responses at time t = 300 µs 277 after current injection in the axon. It follows that at the relevant time scale, the somatic potential acts 278 as a fixed boundary condition for the axon. Therefore, the initiation of a spike depends only on the 279 somatic potential and properties of the axon, but not on properties of the soma or dendrites (an 280 exception is the axon-carrying dendrite of some neurons (Kole and Brette, 2018) ). In terms of 281 dynamical systems theory, the somatic potential is a bifurcation parameter. 282
It could be argued that a better measure of excitability is the voltage threshold at the AIS, rather than 283 at the soma, since spikes are initiated in the AIS (Yu et al., 2008) . To show that this is not the case, we 284
inject a constant hyperpolarizing current at the distal end of the AIS, while still triggering spikes with 285 a somatic current ( Fig. 6C ). As a result, the somatic voltage threshold is raised in proportion of the 286 hyperpolarizing current. This change does represent a reduction of excitability, because the rheobase 287 also increases -we note that the rheobase increases both because the voltage threshold increases and 288
because the resting potential also decreases substantially (see final section). In contrast, the voltage 289 threshold at the AIS changes in the opposite direction ( Fig. 6C ): it does not capture the change in 290 excitability due to this particular change at the AIS, but on the contrary it is misleading. We will analyze 291 this perhaps counter-intuitive phenomenon in the last part of the manuscript. We note for now that 292 the somatic voltage threshold specifically captures the axonal factors of excitability. 293 294
Relation between excitability and AIS geometry 295
General theoretical framework 296
We now develop a theoretical analysis of the relation between AIS geometry and excitability as 297 measured by the somatic voltage threshold. To develop the theory, we make a number of strong 298 approximations. First, we neglect the axial current towards the distal axon because the soma acts as a 299 current sink for the AIS. Second, we neglect axonal leak currents because the resistance through the 300 membrane is much larger than the axial resistance towards the soma. For a length x of axon, the 301 membrane resistance is H /( ) (d is axon diameter and Rm is specific membrane resistance); for 302 example, with d = 1 µm, x = 100 µm and Rm = 15 000 W.cm 2 , we obtain about 4.8 GW.. In contrast, with 303 the same parameter values and Ri = 100 W.cm we obtain an axial resistance 2 = 4 [ /( . ) ≈ 127 304
MW. Third, we neglect the time-varying K + current responsible for repolarization because it is small 305 compared to the Na + current at spike initiation, at least in layer 5 pyramidal cells (Hallermann et al., 306 2012) (see Fig. 5E ). Fourth, we further assume that Nav channel inactivation plays no role, except for 307 setting the proportion of initially available Nav channels. Finally, we neglect all time-varying processes. 308
This drastic approximation is justified by the following arguments: first, the somatic membrane 309 potential should not vary substantially at the time scale of spike initiation because the somatodendritic 310 compartment is large; second, the axonal capacitive current should be small because we are 311 considering the situation near threshold (i.e., where dV/dt is not very large) and the axonal capacitance 312 is relatively small; third, the activation time constant of Nav channels is very short (about 100 µs at 313 room temperature (Schmidt-Hieber and Bischofberger, 2010)). 314
With this set of approximations, the theory then considers just two currents: the axial resistive current, 315 and an instantaneous axonal Na + current (in the last part we will consider the effect of a static non-316 sodium current). Theoretical predictions will be compared with simulations in the biophysical model, 317
which does not make these approximations. We address increasingly complex situations, starting with 318 a point AIS. 319 320
A point AIS 321
The idealized case where all Nav channels are clustered at a point AIS has been treated theoretically 322 in (Brette, 2013) . We briefly summarize the result. When the somatic potential is increased, the axonal 323 potential also increases. Under some condition, there is a somatic potential above which the axonal 324 potential suddenly jumps to a higher value, which corresponds to spike initiation. This is called a 325 bifurcation and the voltage at the bifurcation (the spike threshold) has been calculated analytically 326 (see Methods). A simple (but not rigorous) way to obtain the result is the following. The axial current 327 is resistive, and therefore scales inversely with axial resistance Ra. At spike initiation, we therefore 328 expect: axial ∝ 1 2 ⁄ . The Na + current changes approximately exponentially with voltage below 329 threshold (Baranauskas and Martina, 2006; Hodgkin and Huxley, 1952) :
is the total available Na + conductance and k is the Boltzmann slope factor of Nav channels (typically 4-331 8 mV (Angelino and Brenner, 2007; Platkiewicz and Brette, 2011) ). The two currents must match (the 332 Na + current entering the axon then flows towards the soma as a resistive current), therefore the 333 somatic spike threshold is: 334
where the constant depends on Nav channel properties. For an axon with constant section (e.g. 336 cylindrical), the axial resistance Ra is proportional to AIS position Δ. Therefore, the formula can be 337 expressed as 338
We did not include the AIS diameter d in this formula, which would contribute an additional term 340 2 log (because Ra is inversely proportional to d 2 ; see Discussion). Figure 7A and B illustrate this 341 formula for k = 5 mV. To show that the analysis is correct, we first show numerical results in a 342 simplified cable model that includes neither Nav channel inactivation nor Kv channels (see Methods). 343
The soma is voltage-clamped and the command potential is increased until a spike is triggered in the 344 AIS. This situation is close to the approximations used for the theory, but includes leak currents, axonal 345 capacitive currents and Nav activation dynamics. Figure 7C and D show that the formula is essentially 346 correct in this case. 347
We now examine this relation in the biophysical model where a spike is elicited in current-clamp. 348
Several factors make this situation much more challenging: first, the somatic potential is no longer 349 assumed to be clamped at spike initiation, and second, the model includes Nav channel inactivation 350
and Kv channels, both of which can interfere with spike initiation. To ensure that the same proportion 351 of Nav channels is initially available when x and G are varied, we use the following protocol: the somatic 352 potential is held at V0 = -75 mV, then a current step of varying amplitude is injected. The voltage 353 threshold is defined as the maximal somatic potential reached in a non-spiking trial. Thus, the value of 354 G represents the total non-inactivated conductance, which can potentially vary with the initial 355 potential (see Brette, 2011, 2010 ) for a theory); in practice, this variation was small 356 in our simulations. 357
The numerical results show quantitative differences with the theoretical predictions ( Fig. 7E and F) , 358 namely, the spike threshold is more sensitive to Nav conductance than predicted (logarithmic slope of 359 about 8 mV instead of k = 5 mV). Nonetheless, theory correctly predicts that 1) shifting the AIS distally 360 or increasing total Nav conductance lowers spike threshold on a logarithmic scale, 2) the two 361 logarithmic factors interact linearly (meaning the plotted lines are parallel). The relation between 362 threshold and AIS position is also quantitatively well predicted (logarithmic slope of 4.7 to 5.1 mV). 363 We now turn to the more difficult case of a spatially extended AIS, which requires new theory. Figure  376 9 shows the relation between AIS geometry and voltage threshold in the biophysical model, when the 377 surfacic conductance density of Nav channels is maintained constant. As expected, the threshold is 378 lowered when the AIS is moved away from the soma (Fig. 8A ). However, the relation is less steep than 379
in the case of a point AIS. The threshold is also lowered when the AIS is extended (Fig. 8B ). This is not 380
surprising, but the quantitative relation cannot be easily extrapolated from the point AIS theory: when 381 the AIS is extended, the total Nav conductance increases in proportion of the length, but the spike 382 initiation site also moves. 383 We developed an analytical strategy to derive a formula for the extended case (illustrated in Fig. 8C , 390 D). We first consider an AIS of length L starting at the soma. We solve the cable equation in the resistive 391 coupling regime, that is, where all time-varying effects as well as leak currents are neglected and the 392 somatic potential is held fixed. The cable equation then becomes an ordinary second-order differential 393 equation: 394 . . ∝ − e b/c 395 where g is the surfacic conductance density of (available) Nav channels, and the proportionality factor 396 includes axon diameter, resistivity and Nav channel properties. This equation simply expresses the 397 fact that the Na + current entering the axon (right hand-side) equals the axial diffusion current (left 398 hand-side). This equation can be solved with the two boundary conditions: V(0) is the somatic 399 potential (V(0) = Vs) and no axial current flows towards the distal axon (V'(L) = 0; see Methods). A 400 simple rescaling argument shows that the spike threshold varies as 401
where G is the total Nav conductance ( = for a cylindrical axon). Remarkably, this is the same 403 formula as for a point AIS placed at position Δ = L and with the same total number of Nav channels. The 404
only difference is the constant term. By solving the differential equation analytically, we find that this 405 difference is 0.87 k (about 4.3 mV with k = 5 mV), as illustrated on Figure 9A (dashed vs. solid black). 406
Note that in the point model, the threshold is not defined anymore (no bifurcation or "kink") when AIS 407 distance is lower than 2.25 µm (Brette, 2013) . This limit is more difficult to calculate in the extended 408 model. 409 An equivalent and more intuitive way to understand this result is to note that a threshold shift of 0.87 418 k is equivalent to a displacement of the AIS by a factor ;P.ef ≈ 0.42. In other words, the spike 419 threshold of the extended AIS is almost the same as for a point AIS with the same number of channels 420 placed in the middle of the AIS (Fig. 9A , green curve): 421 Q = constant − log − log -/. 422 with x1/2 = L/2, the midpoint of the AIS, and the constant in this formula differs from the constant for 423 the point AIS by about 0.9 mV (see Methods). This analysis shows that extending the AIS lowers the 424 spike threshold by two mechanisms: by increasing the number of Nav channels and by moving the 425 initiation site away from the soma; each factor contributes a shift of − log . 426
We can now consider the general case of an extended AIS of length L, placed at distance Δ from the 427 soma. The exact same analytical strategy can be applied, the only difference being the boundary 428 condition at the start of the AIS, which now expresses the fact that the current flowing towards the 429 L L x 1/2 = L/2 soma is proportional to the voltage gradient between soma and AIS according to Ohm's law. This can 430 be solved analytically (see Methods), and we find that the spike threshold is almost the same as if the 431 AIS were compressed into a single point at its center ( -/. = Δ + /2), up to a corrective term (Δ/ ). 432
With k = 5 mV, this corrective term is at most 0.9 mV (see Methods). Figure 9B shows that compressing 433 or extending the AIS around its middle position x1/2 without changing the total Nav conductance has 434 very little effect on the theoretical spike threshold. In the simulated biophysical model, the effect is 435 more significant but remains small (Fig. 9C) . Therefore, we find that with an extended AIS, the spike 436
threshold is approximately the same as that of the equivalent point AIS placed at the middle position 437 x1/2, with the same total Nav conductance. 438
In summary, we have found a simple theoretical relationship between spike threshold and AIS 439 geometry, as well as Nav conductance density: 440
The constant term captures the effects of Nav channel properties, intracellular resistivity and axon 442 diameter (see Discussion). The remarkable finding is that the variation of spike threshold can be 443 separated into three independent contributions. Figure regression slope: 5.6 mV ). 461
We are now in better position to understand Figure 8 . We noted that the spike threshold changes less 462 than expected when the AIS is moved away. This is because it varies logarithmically with the middle 463 position x1/2 and not with the start position Δ. For example, for an AIS of length L = 40 µm placed at 464 position Δ = 10 µm, a displacement of 5 µm shifts the middle position from 25 to 30 µm. The theory 465 then predicts that the threshold decreases by log(30/25) ≈ 0.9 mV (assuming k = 5 mV), close the 466 measurement in the biophysical model (≈1.1 mV). Thus, the theoretical effect of AIS start position on 467 excitability is significant but moderate. 468
If we extend the AIS while keeping the same start position, then the spike threshold decreases because 469 of the increase in length (by − log ) and because the AIS middle position moves away (by 470 − log(Δ + /2)). If the AIS is close to the soma, then these terms add up to −2 log . For example, an 471 extension from 40 to 50 µm theoretically lowers the threshold by about 2.2 mV. Thus, for realistic 472 changes in position and length, the theory predicts moderate changes in threshold, consistently with 473 empirical observations in structural plasticity studies (see Discussion conductance on the distal half of the AIS (Fig. 11A ). It contradicts our previous findings, which were 482
based on an analysis of the Nav channels only. However, it appears that the voltage threshold 483 measured at distal end of the AIS still follows the theoretical prediction, with spikes initiating at lower 484 axonal voltage when the AIS is moved away from the soma (Fig. 11B) . We now analyze this 485 phenomenon. 486 coupling, the current will hyperpolarize the AIS relative to the soma by an amount Δ = 2 = 2 Δ 495 (ra is the axial resistance per unit length) ( Fig. 12A ). As shown on Fig. 12B , the voltage threshold at the 496 AIS is not substantially affected by this current (see Methods) -although a hyperpolarizing current 497 may indirectly lower the threshold by deinactivating Nav channels (there is indeed a slight decrease 498 with increasing current amplitude). It follows that the somatic threshold increases linearly with the 499 current, by an amount equal to Δ . In the absence of hyperpolarizing current, the somatic threshold is 500 theoretically below the AIS threshold by an amount k (about 5 mV). The difference between somatic 501 and AIS threshold is therefore predicted to be − − Δ . This prediction holds in the biophysical model, 502
as shown in Fig. 12C , which compares the difference between somatic and AIS threshold with the 503 difference between somatic and AIS resting potentials, when intensity and AIS position are varied. 504 difference between AIS and somatic resting potential. Each curve corresponds to a variable AIS position with 509 a given current intensity (0 to -400 pA). D, Somatic (solid) and AIS threshold (dashed) vs. Δ when currents are 510 injected at the AIS. 511
Thus, when the AIS is moved away from the soma, the spike threshold at the AIS decreases as predicted 512 in the previous section, but the somatic threshold differs from it by − − Δ , which can make it 513 increase with distance ( Fig. 12D ). 514
Is this effect likely to be substantial in neurons? Empirically, Hu & Bean (2018) found that in layer 5 515 pyramidal cells, the AIS (more precisely, the axonal bleb) is about 3 mV hyperpolarized relative to the 516 soma. This suggests that the contribution of this effect to threshold variations should be small. For 517 example, suppose that a 45 µm AIS starting 10 µm away from the soma has distal Kv7 channels that 518 hyperpolarize the AIS end by 3 mV. Then moving the AIS away from the soma by 10 µm (a large 519 displacement) would move the AIS end from 55 to 65 µm, producing an increase in somatic threshold 520 of about 0.5 mV by the effect discussed in this section (10/55 x 3 mV) -assuming the axonal resting 521 potential is not homeostatically regulated. This increase in threshold would be more than 522 compensated by the decrease due to the displacement of the Nav channels, of about 1.3 mV (using k = 523 5 mV). conditions: 1) that the neuron operates in the resistive coupling regime, meaning that the proximal 542 axon is thin compared to the somatodendritic compartment, 2) that there are no strong subthreshold 543 currents at the AIS. Thus, Gulledge & Bravo (2016) found that the neuron can be more excitable when 544 the AIS is away from the soma when the neuron is small (in that case, the number of dendrites was 545 varied). If axon diameter remains large, then the neuron may indeed not be in the resistive coupling 546 regime any more, in which case there is a positive (but weak) relation between AIS distance and 547 excitability. However, we have shown that, both within and across cell types, smaller neurons tend to 548 also have a thinner AIS. This suggests that the physiological regime is generally the resistive coupling 549 regime (with the qualification that the data we analyzed were not exhaustive, and did not include 550 dendritic size). Lezmy et al. (2017) have found in a pyramidal cell model that the neuron could also be 551 more excitable when the AIS moves distally, but only when Kv7 channels were strongly expressed at 552 the AIS. Indeed, in this case, Kv7 channels produce a hyperpolarizing current, which raises the somatic 553 threshold by an amount proportional to AIS distance (the last term of the formula). 554 555 Limitations 556 To obtain this simple theoretical result, we have made a number of more or less drastic 557 approximations detailed in the Results. Despite these approximations, the formula captures the main 558 aspects of the phenomenon seen in a biophysical model, but there are also some discrepancies. In 559 particular, while the relation between threshold and geometrical factors ( 5 6 and L) is well predicted 560 quantitatively, the sensitivity of threshold to Nav channel conductance density tends to be 561 underestimated (but still with a correct order of magnitude). 562
There are also assumptions that we have made both in the theory and in the biophysical model. A few 563 important assumptions are: spikes are initiated in the initial segment and produce a "kink" at somatic 564 spike onset; the somatic membrane potential is constant at the time scale of axonal spike initiation; 565 Na + and K + currents are temporally separated at spike initiation. These are based on empirical findings 566 (Brette, 2015; Hallermann et al., 2012) , but they could differ in particular models, in which case this 567 theory may not apply. 568
In our calculations, we have also assumed that the AIS is cylindrical, mainly because analytical 569 calculations are not possible in the general case. In reality, the axon tapers near the soma. If the AIS 570 starts after the tapering part, then the axial resistance Ra is not a linear but an affine function of x. The 571 theory applies directly with distances measured from a point somewhere in the tapering part (namely 572 P = tapering − ijk . ∫ / . ( ), where the integral is over the tapering part). If the tapering part 573 overlaps with the AIS, then it is not possible to obtain analytical equations anymore; the formula 574 should then be less quantitatively correct. The AIS can also sit on an axon-bearing dendrite (Kole and 575 Brette, 2018) . With this and other complex morphologies, one must consider not metric distances but 576 axial resistances. In this case, the first term would become − log 2 m 5 6 n, where 2 m 5 6 n is the axial 577 resistance between soma and the AIS midpoint. 578
The theory also assumes that the AIS is electrically close to the soma (i.e., relative to the axonal space 579 length Finally, we have essentially ignored changes in Nav inactivation state. However, these could potentially 583 make an important contribution, in particular for the effect of axonal currents on threshold. As we have 584 seen, a hyperpolarizing current raises the somatic threshold by resistive coupling, by an amount equal 585 to the relative hyperpolarization induced at the AIS. However, this could also deinactivate Nav 586 channels, which would lower the threshold. This effect would tend to cancel the effect due to resistive 587 coupling, and the magnitude can be similar (Platkiewicz and Brette, 2011) . 588 589 Relation with experimental observations 590 We now discuss previous experimental observations in the light of this theoretical work. Not many 591 studies have simultaneously reported changes in voltage threshold (rheobase is often reported 592 instead) and in AIS geometry (position and length). First of all, it is important to stress that those 593 observations cannot be used to directly validate or invalidate the theory, since many other relevant 594 cell properties might also vary between groups (Kole and Brette, 2018), such as axon diameter; 595 density, phosphorylation and inactivation state of Nav channels; expression level of Kv channels. 596
Rather, we will provide theoretical expectations of changes in voltage threshold expected from 597 observed AIS geometry changes, all else being equal (see Supplementary Table 1 ). We will then discuss 598 the discrepancy with observed threshold changes, in particular in terms of the unobserved factors. 599 We start with the single study of structural AIS plasticity in adult neurons that also reports voltage 604 threshold. In neurons of chick nucleus magnocellularis, the AIS elongates by about 10 µm after 7 days 605 of auditory deprivation, with no significant change in AIS start position (Kuba et al., 2010) . It was 606
Neuron type
reported that immunofluorescence intensity did not change, which suggests that at least the structural 607 density of Nav channels did not change. All else being equal, and in the absence of strong AIS 608
hyperpolarization (e.g. Kv7), we then expect that the spike threshold shifts by -5.2 mV (using k = 5 mV; 609
see Supplementary Table 1 ). The reported change was -4 mV (reported with P<0.05), a fairly good 610 match. 611
Another study examined the change in AIS geometry through development in the chick nucleus 612 laminaris (Kuba et al., 2014) . The voltage threshold was found to decrease by -12 to -14 mV between 613 E15 and P3-7, a very large change. AIS geometry also changed significantly in high frequency neurons, 614 with a distal shift (13 to 45 µm, start position) and a shortening (26 to 10 µm). As we have seen, these 615 two changes go in opposite directions. When we combine them, we find a theoretical expectation of 616 0.4 mV for the threshold shift. Similarly, we find expected shifts of 1-3 mV for low and middle frequency 617 neurons. Could the discrepancy be due to the AIS being hyperpolarized by Kv channels? In that case, 618 somatic threshold should increase when the AIS moves distally, contrary to what is observed. We 619 conclude from this analysis that observed changes in threshold are likely due not to changes in AIS 620 geometry but possibly to changes in patterns of expression of ionic channels. For example, it has been 621 observed in other preparations that Nav1.6 channels appear later than Nav1.2 channels during the 622 course of development (Boiko et al., 2003) , and the latter activate at lower voltage (Rush et al., 2005) . 623
All the other studies we have examined were in cultured neurons. Chronic depolarization (48h) of 624 cultured hippocampal neurons induces a distal shift of the AIS of about 5 µm (Grubb and Burrone, 625 2010). This is a small shift because, as we have seen, what determines the excitability change is the 626 relative change in middle AIS position, which is about 25% here. Together with a slight shortening of 627 the AIS, theory then predicts a modest threshold shift of -1.1 mV, therefore slightly increased 628 excitability. The authors observed on the contrary a decrease in excitability as measured by threshold 629 current density, but it was mostly due to a change in input resistance. Nonetheless, the voltage 630 threshold was also reported to raise by about 4.3 mV; this was not statistically significant because of 631 substantial inter-cellular variations in threshold. If confirmed, such a change could in principle be due 632 to the displacement of hyperpolarizing Kv7 channels. However, to raise the threshold by 5 mV with a 633 25% distal shift of the AIS means requires that the AIS is initially hyperpolarized by 20 mV relative to 634 the soma. This seems very large. Other possible factors are changes in channel expression, 635 phosphorylation, or possibly axon diameter. 636
In cultured hippocampal dentate granule cells (Evans et al., 2015) , 3 hours of depolarization produce 637 a shortening of the AIS, for which we would expect a threshold raised by about 2.4 mV. Instead, the 638 measured threshold is lowered by -1.1 mV in normal condition, and by -1.9 mV in pro-PKA condition 639
(aimed at re-phosphorylating Nav channels). Both changes were not statistically significant. However, 640
when AIS length and threshold are compared within groups (with and without chronic depolarization, 641
with and without pro-PKA treatment), a significant negative correlation is found in each case, 642 consistent with theory. This suggests that the observed decrease in threshold (if genuine) might be 643 due to other factors than AIS geometry. 644
Finally, in cultured dopaminergic interneurons of the olfactory bulb, one day of chronic depolarization 645 produces a proximal shift and a small elongation of the AIS (Chand et al., 2015) . As these two factors 646 tend to counteract each other, the theoretical expectation in this case is a small 0.6 mV shift of the 647 threshold. The measured change was -0.4 mV (for the biphasic neurons), which, given the 1.5 mV 648 standard deviation in measurements, appears consistent. 649
In summary, all studies that we have examined in cultured neurons and in development report changes 650
in AIS geometry that are expected to produce small threshold changes (-1 to 2 mV). In cultured 651
neurons, reported changes are not statistically significant, which could be interpreted as consistent 652
with the expectation. It could also simply signal the possibility that larger data sets are necessary to 653 observe such changes. Possibly, these changes might be more clearly observed in individual cells 654 (rather than by comparing groups). In development, there is a large decrease in threshold that seems 655 likely due to changes in expression patterns of ionic channels. In the one study that we could examine 656 on structural AIS plasticity in adults, the observed threshold change (4-5 mV) was consistent with 657 expectations. 658
659
Changes in axon diameter
660
In our theoretical analysis, we have assumed that the AIS diameter d is fixed. Axon diameter can change 661 (slightly) with activity (Chéreau et al., 2017) , although this has not been demonstrated at the AIS. It 662 may also change on longer time scales, particularly during development (Leterrier et al., 2017) . It is 663 possible to take diameter changes into account in our analysis. Diameter contributes in two ways. First, 664
axial resistance scales inversely with the axon section area, i.e., 2 ∝ 1/ . . This contributes an 665 additional term 2 log to the threshold. Second, for a fixed surfacic conductance density, the total 666 conductance scales with axon diameter, ∝ . This contributes an additional term − log to the 667 threshold. Therefore, the extended formula reads: 668
where we neglected the modulation by axonal currents. 670
As we have seen, AIS diameter tends to be larger in larger neurons. The above formula indicates that 671 the spike threshold can be maintained constant across cell types of very different sizes if position and 672 length are constant in units of the axonal space length, that is, if they scale as √ . This suggests that 673 smaller neurons should also have a smaller AIS in order to regulate the spike threshold. For example, 674 the AIS measures just 5-10 µm in cerebellar granule cells (Osorio et al., 2010) and about 45 µm in layer 675 5 pyramidal cortical cells (Hamada et al., 2016) . Their respective diameters are 0.1-0.2 µm and 1-1.5 676 µm. In chick nucleus laminaris, low frequency neurons have a large soma and a long AIS, while high 677 frequency neurons have a small soma and short AIS (Kuba et al., 2006 (Kuba et al., , 2005 . 678
Axon diameter can also vary during development and with activity, by the regulation of neurofilaments 679 (Costa et al., 2018 ; Laser-Azogui et al., 2015; Marszalek et al., 1996) . According to the formula, the 680 specific effect of radial growth of the AIS is to raise the threshold (assuming constant surfacic density 681 of Nav channels). Naturally, it is more difficult to measure changes in AIS diameter than in length, but 682 this potential source of variation must be kept in mind when interpreting changes in AIS geometry. 683 684 Axo-axonic synapses 685 We have seen that axonal currents can modulate the threshold at the soma. Although we have only 686 discussed Kv7 channels expressed in the AIS, the theory applies also to synaptic currents, in particular 687 those produced at the axo-axonic synapses made by Chandelier cells onto the AIS of pyramidal cortical 688 neurons (Fairén and Valverde, 1980; Somogyi, 1977) . In this case, the current I in the formula must be 689 understood at threshold, that is: = Q . ( s − threshold ), where gs is the synaptic conductance and Es is 690 the reversal potential. Thus, even if the synaptic currents are depolarizing at rest (values of Es = -60 691 mV have been reported (Woodruff et al., 2009 )), the effect on excitability is still inhibitory, as long as 692 the reversal potential is below axonal threshold. An additional inhibitory effect can be produced if the 693 conductance is strong (specifically, relative to the axial conductance 1/Ra, see Methods). 694
In relation to geometry, the effect of an axo-axonic synapse is stronger if the synapse is more distal, up 695 to the AIS position. Beyond the AIS end position, the effect of the synapse does not increase anymore, 696
because it is the voltage gradient between the soma and AIS that modulates excitability. In 697 hippocampal neurons, Wefelmeyer et al. (2015) observed that chronic depolarization made the AIS 698 move distally, but axo-axonic synapses did not move. As a result, a larger proportion of synapses are 699 between the soma and AIS end, where they can modulate excitability. Thus, theory predicts that the 700 total inhibitory effect is stronger (consistent with that study's conclusions). 701
702
Other aspects of electrical function 703 In this study, we only examined excitability, that is, the ability to trigger an action potential. However, 704
there are others important aspects of electrical function. In many neurons, the action potential is 705 transmitted and regenerated by somatic Nav channels with higher activation voltage. This could be 706 important for synaptic plasticity (propagating the action potential to the dendrites), but also for 707 intrinsic plasticity (since the nucleus is in the soma). For this transmission to be successful, the current 708 transmitted to the soma at spike initiation must be such as to produce the required depolarization. We 709 have shown theoretically that this current depends primarily on the AIS start position Δ (Hamada et  710 al., 2016); as a first (rough) approximation, it is inversely proportional to AIS position (Ohm's law). 711
Thus, AIS position can modulate the transmitted current very strongly, and indeed this strong 712 modulation appears necessary given the three orders of magnitude of variability in input capacitance 713 of various cell types (3500 pF in some motoneurons (Cormery et al., 2005) , about 3 pF in cerebellar 714 granule cells (Cathala et al., 2003) ). 715
In contrast, observed variations in voltage threshold appear rather modest, especially compared to 716 variations in excitability due to changes in input resistance (again 3 orders of magnitude across cell 717 types). An analysis of a large database of electrophysiological recordings reports a standard deviation 718 in voltage threshold of just 6 mV (Tripathy et al., 2015) , and this includes considerable variations in 719 methodological conditions (liquid junction potential, measurement method, solutions, etc). This is 720 perhaps to be expected, given that the functional voltage range for electrical function is constrained by 721 the properties of ionic channels (it cannot vary by orders of magnitude). Thus, it is conceivable that 722 AIS position and length are adjusted so that voltage threshold remains stable and transmitted current 723 is adapted to the cell's morphology. This is of course speculative, because other aspects of electrical 724 function could also be considered. For example, action potential speed at the AIS depends on local 725 conductance, which is composed of the axial conductance (therefore AIS position) and of the total Nav 726 conductance (therefore AIS length). Thus, structural plasticity of the AIS might be related to various 727 aspects of electrical function, beyond excitability in the classical sense. 728 729
Materials and Methods
730
Cable theory 731 Sealed end. We consider a cylindrical semi-infinite axon, with a current injected at distance x from the 732 sealed end (no current passing through). The input resistance decomposes into ( ) ;-= 733 proximal ;-( ) + distal ;-. distal is the resistance of a semi-infinite axon: distal = 2 . proximal ( ) is the 734 resistance of a short segment of axon of size x, with a sealed end. This resistance is (Tuckwell, 1988) : 735
The ratio proximal ( )/ distal is therefore (tanh( / )) ;-. Thus, for a short piece of axon ( ≪ ), this 737 ratio is / , a large number. More precisely: 738 ( ) = 2 q1 + tanh q rr ;-739 and a Taylor expansion gives ( ) ≈ 2 ( − ). 740 741 Killed end. We consider a cylindrical semi-infinite axon with a killed end (open membrane) (Tuckwell, 742 1988) . In this case, the resistance of the proximal segment is 743 proximal ( ) = 2 tanh( / ) 744 When ≪ , we have proximal ( ) ≈ 2 . The distal axon has resistance distal = 2 . Therefore, 745 proximal ( )/ distal ≈ / . A Taylor expansion gives ( ) ≈ 2 (1 − / ). Thus, the input resistance is 746 approximately proportional to distance. 747 748 Large soma. With a large (but not infinitely large) soma, we simply add the resistance of the soma to 749 the proximal resistance, which yields: 750 ( ) ;-≈ ( 2 + soma ) ;-+ ( 2 ) ;-751 752 Passive neuron models 753 Passive models presented in Fig. 2 and 3 consisted of a spherical soma (small: 1 µm; large: 100 754 µm) and a long and thin cylindrical axon (diameter: 1 µm; length: 2 mm). Specific membrane 755
capacitance is Cm = 0.9 µF/cm 2 ; specific membrane resistance is Rm = 15 000 Ω.cm 2 ; leak reversal 756 potential is EL = -75 mV; intracellular resistivity is Ri = 100 Ω.cm. With these values, the characteristic 757 space length is about ≈ 600 µm. Models were simulated with Brian 2 (Stimberg et al., 2019) with 758 100 µs time step and 2 µm spatial resolution. 759 760 Analysis of patch clamp recordings 761 We analyzed simultaneous patch clamp recordings of soma and axonal blebs in cortical layer 5 762 pyramidal neurons provided by Hu & Bean (2018) (Fig. 3, D-F) . We analyzed all recordings where the 763 axon bleb is less than 200 µm away from the soma (a distance substantially smaller than the 764 characteristic length) and is stimulated by a current pulse (n = 15), and selected the smallest current 765 pulse in each recording. To calculate the local and somatic depolarizations at t = 300 µs, we calculate 766 the median potential between 200 and 400 µs and subtract the baseline, defined as the median 767 potential over the 5 ms before the pulse. The resistances are then obtained by dividing by the current 768 amplitude. 769 770 Analysis of neuroanatomical data 771 In Figure 4 , we extracted measurements of AIS diameter from electron microscopy studies, taken at 772 the end of the AIS. Given the optical diffraction limit, it is necessary to consider electron rather than 773 optical microscopy measurements, at least for thin axons. (Sloper and Powell, 1979) . 782 783 Simplified model 784 In Fig. 7C -D, we used a simplified cable model with only non-inactivating Nav channels as a first check 785 of analytical expressions, similar to Brette (2013) . A spherical soma of diameter 50 µm is attached to 786 an axonal cylinder of diameter 1 µm and length 300 µm (soma diameter is in fact irrelevant as the soma 787 is voltage-clamped). Specific membrane capacitance is Cm = 0.9 µF/cm 2 ; specific membrane resistance 788
is Rm = 15 000 Ω.cm 2 ; leak reversal potential is EL = -75 mV; intracellular resistivity is Ri = 100 Ω.cm. capacitance is Cm = 0.9 µF/cm 2 ; specific membrane resistance is Rm = 15 000 Ω.cm 2 ; leak reversal 806 potential is EL = -75 mV; intracellular resistivity is Ri = 100 Ω.cm. 807
The model includes Nav and Kv channels based on Hodgkin-Huxley type equations: 808
where ENa = 70 mV, EK = -90 mV. Kv7 channels were only included in Figure 12 . The Na + current has a 812 single gate, both for simplicity and because it appears to be empirically adequate ( . 3) . Therefore, we simply used rounded values, km = kh = 5 mV. 832
For half-activation values, we also used rounded values consistent with the literature, with voltage-833 dependent curves hyperpolarized by 5 mV in the AIS compared to the soma (see Table 2 ). We used H * 834 = 150 µs as in (Schmidt-Hieber and Bischofberger, 2010), noting that such short time constants are 835 challenging to measure experimentally, especially in axons. For inactivation, we used ƒ * = 5 ms. This 836 value was chosen so that the Na + current during the action potential shows a small overlap with the K + 837 current, as experimentally observed (Hallermann et al., 2012) ( Fig. 5E, F) . Conductance densities were 838 set as stated in were obtained by least square fitting a Boltzmann function to the activation curve ( w e ( )) obtained 847 from recordings of axonal outside-out blebs of layer 5 pyramidal neurons (Kole et al., 2007) . As data 848
were recorded at 33°C, transition rates were not corrected for temperature. 849
In Figure 12, 
Spike threshold with a point AIS
856
A formula for the spike threshold with a point AIS has been derived in (Brette, 2013 V is the axonal membrane potential, G is the total available Na + conductance, k is the Boltzmann slope 861 factor of Nav channels and -/. is the half-activation voltage of Nav channels. As the soma is a current 862 sink (hypothesis of resistive coupling theory), this current flows towards the soma as a resistive 863 current: axial = ( − Q ) 2 ⁄ , where Vs is the somatic membrane potential and Ra is the axial resistance 864 between soma and AIS. Therefore, we have the following identity: 865
With the following change of variables: 867 = + log( 2 ( − 1/2 )) 868 Q = Q + log( 2 ( − 1/2 )) 869 we obtain: 870
This equation is now independent of G and Ra. We denote U* the threshold for this equation, that is, 872 such that the equation has a bifurcation when Q = * . For the original equation, this corresponds to 873 a bifurcation when Q = * − log( 2 ( − 1/2 )). 874 875 Spike threshold with an extended AIS starting from the soma 876 We consider a cylindrical axon of diameter d. The AIS has length L and starts from the somatic end. It 877 has a uniform density of Nav channels. The total Nav conductance is 878
where g is the surfacic conductance density. We neglect leak and K + currents, as well as all time-varying 880 phenomena. The cable equation then becomes: 881 where ra is resistance per unit length and -/. is the half-activation voltage of Nav channels. Here the 893 driving force ( _2 − ) has been approximated by ( _2 − -/. ) as in (Brette, 2013) . We now write the 894 following change of variables: 895 = ( − -/. )/ + log( 2 ( − 1/2 )) 896 = / 897 and we note OE From OE (1) = 0, it follows that . = −1. We then obtain for the boundary condition at 0: 906 (0) = P = log c -2 − 2 log •cosh • √ c -2 '' 907 which defines cas an implicit function of P . We look for a bifurcation, that is, a value of U0 when the 908 number of solutions changes. This is obtained by setting the derivative of the right hand-side to 0, 909 which gives: 910
The solution can be calculated: √ c -/2 ≈ 1.2, giving c -≈ 5.8. Finally, substituting this value in the 912 above equation gives P ≈ −0.13. This is the spike threshold for the rescaled cable equation. Back to 913 the original dimensions, we obtain: 914 Q = -/. − 0.13 − log 2 ( − 1/2 ) − log( ) − 2 log 915 This is the same equation as for a point AIS with the same total conductance G at position L, except that 916 the term -0.13 k replaces -k. Thus, the difference in threshold between an extended AIS of length L 917 starting from the soma and a point AIS at position L is 0.87 k (4.3 mV if k = 5 mV). Therefore, the 918 threshold of the extended AIS is the same as a point AIS placed at position = ;P.ef ≈ 0.42 , which 919
is near the middle of the extended AIS. The error made by placing the equivalent point AIS at the middle 920 point = /2 is log (0.5/0.42) ≈ 0.9 mV (with k = 5 mV). 921
The expression of ( ) allows us to calculate the potential along the axon at threshold, and in 922 particular at the AIS end, where the expression simplifies: (1) = log( -/2) ≈ 1.06. We can see that 923
the threshold at the AIS end is above the somatic threshold by about 1.2 k (1.06+0.13). This is 924 consistent with simultaneous patch clamp measurements at the soma and AIS . 925 926 Spike threshold with an extended AIS starting away from the soma 927
We apply the same strategy for the more general case where the AIS starts at a distance Δ away from 928 the soma. We choose the origin of x at the AIS start, so that we obtain exactly the same cable equation 929 as before, except the boundary condition at x = 0 now expresses the fact that the piece of axon between 930 the soma and AIS is purely resistive. This implies that the potential varies linearly with distance, and 931 therefore: 932 (0) = Q + Δ (0) 933 Thus, we obtain the same solution as previously except for the boundary condition at 0: 934 (0) = P = log c -2 − 2 log •cosh • √ c -2 '' − Δ •ctanh √ c -2 935
As before, to find the bifurcation point we set the derivative of the right hand-side (with respect to c1) 936 to 0, and obtain: 937 (z) ≡ m1 + ∆ n z tanh z + ∆ z .
(1 − tanh . z) − 1 = 0 938 where z = √ c -/2. This defines z, c1 and therefore U0 as implicit functions of Δ/L, which can be calculated 939 numerically (which we did in Fig. 10 ). The somatic threshold is then: 940 Q = -/. + P (Δ/ ) − log 2 ( − 1/2 ) − log( ) − 2 log 941
The somatic threshold for a point AIS with the same total conductance placed at the midpoint * = Δ + 942 /2 is: 943 Q * = -/. − − log 2 ( − 1/2 ) − log( ) − log * 944
The difference is: 945 Q − Q * = m P m Δ n + 1 + log m Δ + 1 2 nn ≡ ( Δ ) 946
The variable Δ/ varies between 0, where the AIS starts from the soma, and +∞, where the AIS is a 947 single point. Figure 13 shows that the function F is a monotonously decreasing function of Δ/ . When 948 Δ/ = 0, the AIS starts from the soma, and we have seen in the previous section, Q − Q * ≈ 0.9 mV 949 (0.17 k). When Δ/ = +∞, the AIS is a single point and therefore Q = Q * . Thus, the somatic threshold 950 of the extended AIS is approximately equivalent to the threshold of a point AIS with the same total 951 conductance, placed at the midpoint x1/2, with a precision of about 0.17 ≈ 0.9 mV. 952 953 Figure 13 . Corrective term (Δ/ ). The threshold of an extended AIS differs from that of point AIS with the 954 same total conductance placed at the midpoint by at most ( / ). 955
956
Effect of an axonal current on spike threshold 957 The effect of an axonal current on the spike threshold of a point AIS has been derived in (Brette, 2013, 958 Supplementary Text). We show that this extends to an extended AIS, where a current I is injected at 959 the start of the AIS. In that case, the cable equation is unchanged, but the boundary condition at the 960 AIS start (x = 0) now includes the current: 961 where Ra is the axial resistance between soma and AIS start. Thus, inserting this current is equivalent 963
to shifting the somatic potential by an amount I/Ra. Thus, the bifurcation occurs when Q + 2 = Q * , 964
where Q * is the somatic threshold without modulation (I = 0). The somatic threshold with modulation 965 is therefore Q * − 2 . At threshold, the boundary condition is independent of I, and therefore the 966 axonal voltage at threshold does not depend on I. 967
If the current is injected at the AIS end, then the boundary condition at the AIS end becomes: 968
The cable equation can still be solved analytically as before. However, it does not lead to any simple 970 expression of threshold as a function of I. It is found numerically that the somatic threshold changes 971 almost (but not exactly) linearly with I, and the threshold at the AIS end varies slightly with I, in the 972 other direction (decreases for a strong hyperpolarizing current). 973
If current is uniformly injected over the AIS, then boundary conditions are unchanged but the current 974 density is inserted in the cable equation. To our knowledge, it has no analytical solution. 975
The theoretical analysis above applies to an injected current. The effect of inserting a conductance, i.e., 976 = * ( − ), can be understood in the point AIS model by noting that the conductance * is in 977 parallel with the axial resistance Ra. Therefore, it is equivalent to replacing Ra by ( 2 ;-+ * ) ;-. As long 978 as * is small compared to 1/Ra, this effect is negligible. That is, the current-based theory holds, with 979 = * ( − threshold ), where threshold is the AIS threshold. If * is large, the effective change in Ra must 980 be taken into account. 981 982
